Abstract. Rings of di erential operators are notoriously di cult to compute. This paper computes the rings of di erential operators on a Stanley-Reisner ring R. The D-module structure of R is determined. This yields a new proof that Nakai's conjecture holds for Stanley-Reisner rings. An application to tight closure is described.
Introduction
Di erential operators are a fundamental tool in many areas of mathematics. Unfortunately, their use in commutative algebra has been frustrated by the di culty of computing rings of di erential operators in general (see 1]). This paper computes the ring of di erential operators of a ring R that is the coordinate ring of a reduced a ne variety de ned by monomial equations, otherwise known as a Stanley-Reisner ring. Particular attention is paid to the case where the variety is de ned over a eld of positive characteristic. Dealing with the characteristic p case presents extra di culties but it also suggests new applications: there is a general philosophy that di erential operators are related to tight closure (see Smith 17] and 18]). One of the goals of this paper is to illustrate this connection in the case of Stanley-Reisner rings.
Di erential operators are de ned in section 2. In section 3, the ring of di erential operators D(R) of a reduced monomial ring R is determined. This follows easily once we know that the R-module D(R) has a direct sum decomposition (Theorem Using other methods, Tripp 21 ] also described the ring of di erential operators on a Stanley-Reisner ring de ned over a eld of characteristic zero. I would like to thank both Martin Holland and the referee for bringing Tripp's work to my attention.
The D-module structure of R is determined in section 4. This project was motivated by the fact that the test ideal for tight closure is a D-module (see Smith 
18, Theorem 2.2])
. The description of the D-module structure of R is used to show that reduced monomial rings satisfy an extension of Nakai's conjecture to arbitrary characteristic. In particular, for a reduced monomial ring R, if D(R) is generated by derivations, then R is regular.
Tight closure is de ned in section 5 (see Hochster and Huneke 6 ] for a complete treatment). There, I show that reduced monomial rings are F-split and I give an explicit description of the splitting of Frobenius in terms of di erential operators (Theorem 5.2). The test ideal of a reduced monomial ring is also computed. The proof of this result (which is originally due to Cowden -see 3, Theorem 3.6]) uses the description of the D-module structure of R from section 4.
Preliminaries
Throughout this paper, unless stated otherwise, k will denote a commutative domain and R will be a commutative k-algebra of nite type. The main case of interest is when k is a eld. However, the theory is developed in this generality because we eventually want to study di erential operators on families of varieties arising from using the technique of reduction to characteristic p on an algebraic variety de ned over a eld of characteristic zero. This involves studying Z-algebras of nite type. Smith and Van den Bergh 20, section 5] motivate and study this problem.
Recall that a k-derivation of R is a k-endomorphism of R which satis es (rs) = (r)s + r (s) Monomial ideals are prime if and only if they are generated by some subset of the variables. Monomial ideals are radical if and only if they are generated by squarefree monomials. Obtaining the minimal primes in a monomial ring is facilitated by the following well-known result. In what follows, we will often be working in characteristic p > 0. A basic result in characteristic p which we shall rely on throughout the paper is that binomial coe cients satisfy a nice identity modulo p (see 4]). Aiming for a contradiction, we can assume that no term of is in I(J ).
Pick one term k c x c+v @ c of = We make some remarks that simplify the sum (3.1). To start, observe that for each term k a x a+v @ a in = Note that k c 0 appears in the sum (y). We will show that for a particular choice of the m i , the sum (y) has only one summand, k c 0, and so k c 0 = 0. This will be a contradiction to k c 0 x c 0 +v @ c 0 x 6 2 J.
If a 2 S n T but a 1 = 1 ; : : :
Together with x +v 6 2 J, this implies k a Suppose that x b @ a 2 D(R). Let P be a minimal prime of J. Relabeling, if necessary, P = (x 1 ; : : : ; x d ). If x a 2 P then x a x d+1 x N 2 J. As x b @ a xes J, x b @ a x a x d+1 x N = x b x d+1 x N 2 J P. As x d+1 x N 6 2 P and as P is prime, x b 2 P. Now suppose that x b @ a is such that for each minimal prime P of J, x b 2 P or x a 6 2 P. We show that x b @ a 2 I(J ) (so x b @ a restricts to a di erential operator on R). Suppose that x c 2 J. As R is reduced, J is radical and hence J is the intersection of its minimal primes. Then for each minimal prime P of J, x c 2 P. If x a 6 2 P then @ a x c 2 P (if @ a x c 6 2 P then x a jx c and we have the contradiction x a (@ a x c ) = nx c 2 P for some n 2 Z). Also, if x b 2 P, then x b @ a x c 2 P. Since these results hold for each minimal prime of the radical ideal J, x b @ a x c 2 J. Hence x b @ a 2 I(J ) and x b @ a restricts to a di erential operator on R.
Remark 3.6. Theorem 3.5 can be applied in practical examples because Proposition 3.1 allows us to easily compute the minimal primes of R. Theorem 3.5 also holds when J is not a monomial ideal but becomes a monomial ideal after tensoring with frac(k); for example, the theorem applies to R = Z x;y] (2x;xy) . We omit the details.
There is an alternate statement of the theorem using double annihilators. Proof. As J is radical, J is the intersection of its minimal primes, J = P 1 \ \ P t \ P t+1 \ \ P s . Suppose that x a 6 2 P i (1 i t) and x a 2 P j (j > t). Then (J : (J : x a )) = (J : (\ P P : x a )) = (J : \ s i=1 (P i : x a )) = (J : (\ t i=1 P i : x a )) = (J : \ t i=1 P i ) = (\ s j=1 P j : \ t i=1 P i ) = \ s j=1 (P j : \ t i=1 P i ) = \ s j=t+1 (P j : \ t i=1 P i ) = \ s j=t+1 P j :
Now the result follows from Theorem 3.5. 
The D-module Structure of R
Having characterized D = D(R) for reduced monomial rings R, it is natural to investigate the D-module structure of R. One place where such an investigation might prove useful is in the theory of tight closure (see Hochster and Huneke 6] for an introduction to tight closure). In the next section we will prove a result in this direction, but for now we remark that it is the fact that test ideals are D-modules that is relevant here (see Smith 18 , Theorem 2.2]).
J is a reduced k-algebra and k is a eld, then there is a particularly nice description of the D-submodules of R in terms of the minimal primes of R (see Theorem 4.6). However, when k is not a eld, things are more complicated. This is essentially because elements of D = D k (R) are k-linear endomorphisms of R so any ideal of R extended from an ideal of k is a D-submodule of R.
Eventually we will prove a result relating D-submodules of R to the primary components of R. Are there any more D-stable ideals I when we relax the requirement that the ideal I is a radical monomial ideal? The answer turns out to be a quali ed no. Consider the D-stable prime ideal I as an ideal of k x] and note that I J = P 1 \ : : : \ P r . Relabeling if necessary, we may assume that I P 1 , : : : , I P t , I 6 P t+1 , : : : , I 6 P r . Note that I must contain at least one minimal prime of J since I contains J and is prime itself; so we have t 1. We claim that I = P 1 + + P t . By hypothesis, I P 1 + + P t . Assume that I 6 = P 1 + + P t ; we aim to produce an operator x b @ a in I(J ) and not in I(I).
Then x b @ a restricts to an element of D(R) which does not stabilize I. This will be a contradiction as I is D(R)-stable.
As I 6 P i (i t + 1), there is a monomial in P i which is not in I. The product of such monomials is a monomial x b which is in each P i (i t + 1) and not in I.
As I 6 = P 1 + + P t , and I is a monomial ideal, there is a monomial x a 2 I with x a 6 2 P 1 ; : : : ; x a 6 2 P t .
Using the criterion of Theorem 3.5, one checks that x b @ a 2 I(J ). As I is prime, Theorem 3.5 also shows that x b @ a 2 I(I) if and only if x a 6 2 I or x b 2 I. As neither of these conditions are satis ed, x b @ a 6 2 I(I). This shows that I could not have been D-stable, so I = P 1 + + P t after all. The description of the D-module structure of R can be used to verify Nakai's conjecture for reduced monomial rings. Nakai conjectured that if k is a eld of characteristic zero and R is a reduced k-algebra then D(R) is generated by derivations () R is regular. A summary of the history of the conjecture can be found in Singh 16 , Introduction]. Write HS(R) for the R-algebra generated by the components n of Hasse-Schmidt derivations on R. Ishibashi's extension of Nakai's conjecture is that D(R) = HS(R) () R is regular. Note that in characteristic zero, HS(R) = der(R), so this conjecture implies the original conjecture of Nakai. Schreiner 15] proved that monomial rings de ned over a eld of characteristic zero satisfy Nakai's conjecture. The following theorem establishes Nakai's conjecture for reduced monomial rings de ned over a perfect eld of arbitrary characteristic. In particular, it gives a completely new proof of Schreiner's result (in the reduced case). J satis es D(R) = HS(R). Let P be a minimal prime of R. Then P is D-stable (by Theorem 4.6) and so P is HS(R)-stable. Then P 2 is HS(R)-stable and therefore P 2 is D-stable. Theorem 4.6 forces P 2 = 0 and since R is reduced, P = 0. A monomial ring which is a domain is a polynomial ring and hence R is regular. 
Tight Closure
For what follows, we restrict to the case where k is a eld of characteristic p.
We will de ne the necessary tight closure terminology but we refer the reader to Hochster and Huneke 6] for details (also, a nice exposition of both the characteristic p and the characteristic zero theory can be found in the notes from the CBMS Proof. Let S be a multiplicatively closed set in R. Without loss of generality, P 1 ; : : : ; P t (t r) are the minimal primes of S ?1 R. Let ::\Pt is a direct summand of R c (it is the k-linear span of homogeneous elements which have degree 0 in the (inverted) variables, x 1 ; : : : ; x d ). As a direct summand of an F-regular ring, T is also F-regular ( 6, Proposition 4.12]). Then T is a normal ring ( 6, Corollary 5.11]). Thus, T is a product of graded normal domains, T = R 1 R s . It follows that T has at least s homogeneous maximal ideals. But T = k x1;::: ;xN] P1\:::\Pt has a unique homogeneous maximal ideal. So T is a domain. From this it follows that t = 1; that is, c 2 P 2 \ : : : \ P r .
